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Proof:  LovaHz  [25]  pro\’{'<l  the  fwllowing  stronger  result. 

Claim  1:  A  grapli  G  is  perfect  if  and  only  if,  for  every  induced  suligrapli  H,  the  nunilier  of  vertices  of 
II  is  at  most  a(ll)u:{ll}. 

Since  a{H)  =  and  u}{Il)  =  o(/7),  Claim  1  implies  Theorem  1.2. 

Proof  of  Claim  1:  First  assume  that  G  is  perfect.  Then,  for  every  induced  subgraph  //,  u;(i/)  =  \{H). 
Since  the  number  of  vertices  of  H  is  at  most  a{H)\{H),  the  inequality  follows. 

We  give  a  proof  of  the  convers«’  due  to  Ga.sparyan  [21].  .Assume  that  G  is  not  perfwt.  Let  H  lx*  a 
minimally  imperfect  subgraph  of  G  and  let  n  lx*  the  number  of  vertices  of  //.  Let  q  =  a(//)  and  =  ijj(Il). 
Then  II  satisfies 

w  =  \(H\v)  for  every  verte.\  v  e  \’{II) 
and  ui  =  u}(II\S)  for  every  stable  set  S  C  V'(//). 

Let  .4o  be  an  o-stable  set  of  II.  Fix  an  w-coloring  of  each  of  the  o  graphs  //\«  for  .s  €  Aa,  let  .4i, . . .  ,.4^.,, 
lx>  the  stabl<‘  s(>ts  occuring  as  a  color  class  in  one  of  thesi*  colorings  mid  let  .4  :=  {-4u,  .4i , . . . ,  .4au,  }'  Let  A  | 
Ix'  the  lorresponding  stabh'  set  versus  vertex  incidence  matrix.  Define  :=  {/lnt  P},...,  Woui}  where  I3i  is 
an  u,'-<’lique  of  II\Ai.  Let  B  be  the  corresponding  clique  versus  vertex  incidenci'  matrix. 

Claim  2:  Every  w-clique  of  H  intersects  all  but  one  of  the  stables  sets  in 

Proof  of  Claim  2:  Lt‘t  be  any  u.’-coloring  of  W  \  v.  Since  miy  w-cliciue  C  of  H  has  at  most  one 

vertex  in  each  5,,  C  intersects  all  5,'s  if  e  ^  C  and  all  but  one  if  a  €  C.  Since  C  has  al  most  one  vertex  in 
.4o,  Claim  2  follows. 

In  particular,  it  follows  that  AB^  =  J  -  /  where  J  is  the  matrix  filleil  with  ones  and  I  the  identity. 
Since  J  -  I  in  nonsingular,  A  ami  B  have  at  least  as  many  columns  as  rows,  that  is  n  >  ow  +  1.  This 
completes  the  proof  of  CTahn  1.  □ 

2  Four  Basic  Classes  of  Perfect  Graphs 

Bipartite  graphs  are  {rnrfect  since,  for  miy  induced  subgraph  II,  the  bipartition  implies  that  x{II)  <  2  and 
therefore  u!(II)  =  \(//). 

.A  graph  L  is  the  tine  graph  of  a  graph  G  if  V(L)  =  E{G)  and  two  vertices  of  L  are  adjacent  if  and  only 
if  the  corresponding  edges  of  G  are  adjacent. 

Proposition  2.1  Line  graphs  of  bitMirtite  gmphs  an'  perfect. 

Proof:  If  G  is  bipartite;,  v^(^’)  =  -^(^7)  by  a  theomn  of  Kbnig  [23],  where  denotes  the  (‘dgt‘-chrotnatic 
number  and  A  the  largest  vertex  dego’e. 

If  L  is  the  line  graph  of  a  bipartite  graph  G,  then  \{L)  =  \’(Cr)  and  u}{L)  =  A((jr’).  Therefore 
\(L)  =  u;(L).  Simx?  induced  subgraphs  of  L  are  also  line  graptis  of  bipartite  graphs,  the  result  follows.  □ 

Since  bi|)artite  graphs  ami  line  gra))hs  of  bipartite  graphs  are  perfect,  it  follows  from  Lova.sz’s  perfect 
graph  theorem  (Thixirem  1.2)  that  the  complements  of  bipartite  graphs  mid  of  line  graphs  of  bipartite  graphs 
are  perfect.  This  can  also  be  verifier!  directly,  without  using  the  perfect  graph  theorem.  To  summari/e,  in 
this  .section  we  have  introducetl  four  classes  of  perfect  graphs: 

•  bipartite  graphs  miri  their  complements,  and 

•  line  graphs  of  bipartite  graphs  and  their  complements. 

These  graphs  are  called  hasie. 


2 


3  2-Joiii,  Homogeneous  Pair  and  Skew  Partition 

2-Juiu 

A  grapli  G  has  a  if  its  verticps  can  be  part  ilhitUHl  iiiu»  sets  Vi  and  V’a,  each  of  cardinality  at.  least 
three,  with  noneiiiiity  disjoint  subsc'ts  Ai,/J|  C  Vi  and  Aa.Bj  C  V2,  such  that  all  the  vertices  of  Ai  are 
adjacent  to  all  the  vertices  <»f  A2,  all  the  vertices  of  Bj  are  adjacent  to  all  the  vertices  of  Bj  and  tliese  are 
the  only  adjacencies  betw«fn  i'j  mid  l-j.  2- joins  were  introduceil  by  Cornuejols  and  Cunningham  [17]  in 
1985.  They  gaw*  an  0(|V((?)p|ii(f*)|*)  algorithm  to  find  whether  a  graph  G  has  a  2-join. 

When  G  contains  a  2-join,  we  cati  decompose  G  into  two  blocks  <7i  and  G2  defined  as  follows. 

Uefiiiition  3.1  If  A*  and  U)  are  in  different  connected  components  ofGiV*),  define  block  6'i  to  be  6'(Vi  U 
{Pitfli  })j  where  p\  €  -A-j  and  q\  G  Bj.  Otherwise,  let  be  a  shortest  path  from  .Aj  to  D2  and  define  block 
G\  to  be  (jr’(V'i  U  V’(Bi)).  Dlock  G)  is  defined  similarly. 

Theorem  3.2  (2-Join  Decomposition  Theorem)  (Cornuejols  and  Cunningham  [17])  Graph  G  is  per¬ 
fect  if  and  only  if  its  blocks  Gi  and  G2  arc  perfect. 

Corollary  3.3  If  a  minimally  imperfect  ymph  G  has  a  2-join,  then  G  is  an  mid  hole. 

Pumf:  Since  G  is  not  perfect.  Theorem  3.2  implies  that  block  Gi  or  G2  is  not  iierfect,  say  G\.  Since  <7i  is 
an  induced  subgrajih  of  G  and  G  is  minimally  imperfect,  it  follows  that  G  =  Gi.  Thus,  since  [lij]  >3,  I'a 
induces  a  chordless  path  P\.  Thert'fore  (7  is  a  minimally  imiaufect  graph  with  a  vertex  of  degree  2.  It  is 
well  known  that  such  a  graph  G  is  an  odtl  hole  [27].  □ 

Homogeneous  Pair 

The  notion  of  homogeneous  pair  was  introtluced  by  Chvatal  and  Sbihi  [5].  .A  graph  G  has  a  homoyeneous 
pair  if  V’(G)  cmi  be  partitioned  into  subsets  .Ai,  .A2  mid  B,  such  that: 

•  j.Ail  -I-I.A2I  >3and  |B|  >2. 

•  If  a  vertex  of  B  is  atljacent  to  a  vertex  of  .A,  then  it  is  adjacent  to  all  the  vn-rtices  of  .A,,  for  »  €  {V  2}. 

Theorem  3.4  (Homogeneous  Pair  Theorem)  (Chvatal  and  Sbihi  [5])  No  minimally  imperfect  graph  \ 
has  a  homogeneous  pair. 

Skew  Partition 

.A  gra|)h  G  has  a  skew  tmrtition  if  its  vertices  can  1m>  partitiomsl  into  four  nonempty  sets  .A,  B,  C,  D  such 
that  then*  me  all  the  possible  etlges  betwtH'n  .A  and  IJ  and  no  edges  from  C  to  D.  Chvatal  [3]  intrtKluced 
skew  jiartitions  in  1985  and  he  conjectured  that  no  minimally  imperfect  graph  has  a  skew  partition.  He 
obserwd  that  the  conjecture  holds  for  a  star  cutjiet,  defined  to  be  a  skew  partition  where  |.A|  =  1. 

Lemma  3.5  (Star  Cutset  Lemma)  (Chvatal  [3])  No  minimally  imperfee't  graph  has  a  .star  cutset. 

Pirmf:  Let  G\  be  the  graph  induceil  by  .A  U  B  U  C  atiil  G2  the  graph  inducisi  by  .A  U  B  U  B.  The  graphs 
G\  and  G-i  are  perfect.  Let  Si  be  the  color  class  of  an  £»,'(6')-coloring  of  G,  that  contains  the  unique  node 
of  .A.  for  f  €  { 1, 2}.  Then  Si  meets  all  the  i<;(6’)-cliques  of  6’o  i.e.  u}{G  \  (5|  U  5^))  <  u;(6').  It  follow's  that 
G  \  (5i  U  S2)  can  be  colored  with  fewer  thmi  :4;(6')  colors,  since  it  is  jM'rfect.  Since  Sy  U  S-i  is  a  stable  set, 

G  can  bt‘  colortnl  with  u,'((jr')  colors,  a  contradiction.  □ 

Noteworthy  contributions  towards  the  skew  jiartition  conjecture  wen*  made  by  Hoang  [22]  and  Roussel 
and  Rubio  [28].  The  conjwture  was  settled  by  Chudnovsky,  Robertson,  Seymour  and  Thomas  [9].  They 
obtained  it  as  a  con.se<iiieiice  of  the  Strong  Perfect  Graph  Theorem. 

Theorem  3.6  (Skew  Partition  Theorem)  (Chudnovsky,  Robert.son,  St'ymour  and  Thomas  [9])  No 
minimally  imiH'rfect  graph  has  a  skew  partition. 
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In  ordor  to  provn  tho  Strong  Pnrff'ct  Graph  Thoornin,  Clindnovsky,  Roliortson,  Snymour  »uid  Thomas 
first  provcrl  t.lm  following  woakor  rrsnlt. 

A  skew  partition  is  bulancal  if 

(i)  ev'ery  induced  path  of  length  at  least  2  in  G  with  ends  in  .4  U  Zf  and  interior  in  f  U  I?  is  even,  and 

(ii)  every  induct'd  path  of  length  at  least  2  in  G  with  ends  in  G  U  D  and  interior  in  .4  U  If  is  even. 

Theorem  3.7  (Chudnovsky,  Robertson,  Seymour  iuitl  Thomas  [8])  .4  minimally  imperfect  lierye  graph 
with  Hmallest  nximlx'r  of  vertices  cannot  have  a  btduncni  skev<  jHirtition. 

We  give  the  proof  of  ThtH>reni  3.7.  It  us«*s  Lovasz’s  Replication  Lt'mma  [24]  which  we  discuss  next. 
Incidentally,  the  Replication  Lemma  was  the  step  that  Fulkerson  mis.sed  in  his  attempt  to  prove  the  Perfect 
Graph  Theorem.  Because  Fulkerson  had  convinced  himself  that  it  was  likely  to  be  false,  he  had  not  tried 
very  hard  to  prove  it.  Fulkerson  [20]  says:  “In  the  Spring  of  1971,  1  received  a  jHJstcard  from  Berge  saying 
that  he  h;id  just  heard  that  Lovasz  h;ul  a  proof  of  the  i)erfect  graph  conjecture.  This  immediately  rekindled 
my  interest,  naturally,  and  so  I  sat  down  at  my  desk  and  thought  again  about  the  replication  lemma.  .Some 
four  or  five  hours  later,  I  saw  a  simple  proof  of  it." 

Lemma  3.8  (Replication  Lemma)  (Lovfcz  [21])  Let  G  be  a  perfect  graph  and  v  €  F(G).  Create  a  new 
vertex  v’  and  join  it  to  e  and  to  all  Uie  neighbors  of  v.  Then  tJie  resnlting  graph  G'  is  perfect. 

Proof:  It  suffices  to  show  x{G')  =  a;(G')  since,  for  induced  subgraphs,  the  proof  follows  similarly.  We 
distinguish  two  ca.ses. 

Case  1;  Vertex  i?  is  contained  in  some  maximum  clique  of  G.  Then  o:(G')  =  u}{G)  +  1.  This  implies 
^  ^(G'),  since  at  most  one  new  color  is  nwded  in  G’.  Clearly  \(G')  =  u>iG')  follows. 

Case  2:  Vertex  c  is  not  contained  in  any  maximum  clique  of  G.  Consider  any  coloring  of  G  with  u.'(G) 
colors  and  let  S  be  the  color  class  containing  v.  Then  'jj(G  \(S  —  {c}))  =  0/(6’)  —  1,  since  every 
maximum  clique  in  G  nu-cts  S  —  {if}.  By  the  perfwtion  of  G,  the  graph  G\(S  —  {r})  can  be  colort'd 
with  w(6’)  —  1  cokirs.  Using  one  additional  color  for  the  vertices  (5  —  {c})  U  { if'},  we  obtain  a  coloring 
of  G'  with  a;(G’)  colors.  □ 

Ptoof  of  Theoivm  3.7:  Let  G  be  a  minimally  imperfect  Beige  graph  with  smallest  number  of  vertices. 
Suppose  that  G  has  a  balanceil  skew  partition  A,B,C,D.  By  the  Star  Cutset  Lemma  3-5,  each  of  .4,  B,  C,  D 
has  cardinality  at  least  two.  Let  G'  be  the  graph  obtained  from  G  by  adding  a  vertex  i?  adjaevnt  to  all  the 
vertices  of  .4  and  to  no  other  vertex  of  G.  If  G'  contains  an  odd  hole,  then  G  has  an  odd  path  contradic  ting 
(i)  in  the  definition  of  a  balanced  skew  partition.  Similarly,  if  G'  contains  an  odd  hole,  (ii)  is  contradicted. 
Therefore  G'  is  a  Berge  graph.  Now  consider  Gi  ==  G'\D  and  G-i  =  6"  \  C.  For  i  €  { 1, 2},  the  graph  G,  is 
IK'ifc'ct  since  it  Ls  Berge  and  has  fewer  vertices  than  G.  Replicate  vertex  n  in  G,  so  that  v  bt'longs  to  a  cliciue 
of  size  u;(G').  By  the  Replication  Lemma  3.8,  the  resulting  graph  Hi  is  perfect.  Consider  u;(G')-colorings  of 
/?!  and  respectively.  Both  colorings  have  the  same  number  of  colors  in  .4  and  assume  w.l.o.g.  thal  these 
colors  are  1 , 2, . . . ,  F.  Let  K  lie  the  subgraph  of  G  induced  by  the  vertices  with  colors  1, 2, . . . ,  F  and  let  H 
1k>  the  subgraph  of  G  inducisl  by  the  verticers  with  other  colors.  Since  even,'  tj(G)-clitiue  of  G  is  in  G\D  or 
G  \  C,  the  largest  clique  in  A'  has  size  k  and  the  largest  cliejue  in  H  has  size  u;(G)  -  k.  The  graphs  //  and 
A'  are  perfect  since  they  are  proper  subgraphs  of  G.  Color  A'  with  k  colors  and  H  with  a;(G')  —  k  colors. 
Now  G  is  colort'd  with  iv(G)  colors,  a  contradiction  to  the  assumption  that  G  is  minimally  imperfect.  □ 

Tlu'orem  3.7  was  presented  in  September  2001  at  a  workshop  in  Princeton.  .As  the  next  step  towards] 
Thi'ori'in  3.C,  Chudnov.sky  and  Seymour  obtainetl  the  following  theort'in  in  .lanuary  2002. 

Theorem  3.9  (Chudnovsky  and  Seymour  [10])  A  minimally  imperfect  Berge  graph  with  smallest  number 
of  vertices  cannot  have  a  skew  jmrtition. 
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4  Decomposition  of  Berge  Graphs 

Conforti.  Coriiiipjols  aiul  \’uskovir  projMwod  tlio  following  a|>]>ro{U'li  to  solving  tlio  Strong  Poifrrt  Graph 
Conjpcture. 

Conjefturc  4.1  (Conforti,  C'orim('’jols  and  Vuskovit' (2001))  (Deconipositioii  Conjecture)  Every  Berge 
f/nt]ih  G  is  biistr  or  lius  o  skew  piirf.ition,  or  G  or  G  has  a  ‘2-join. 

C'hndnovsky,  Rohertson,  Seynionr  and  Thoina.s  proved  the  following  variation  of  this  eonjer  tnre. 

Theorem  4.2  (ChiKlnovsky,  Robertson,  Seymour  an<l  Thomas  [9])  (Decomposition  Theorem)  Every 
lif'Vfje  ymph  G  is  htisir  or  has  a  skew  partition  or  a  homogeneous  pair,  or  G  or  G  has  «  ‘2-join. 

This  theorem  implies  the  Strong  Perfect  Graph  TlwNirem.  Indeed,  sui)1>om'  that  the  De<-omposition 
Theorem  holds  and  that  tlu^re  exist.s  a  minimally  imperfect  graph  G  dLstinet  from  an  (xld  hole  or  its  com¬ 
plement.  Choose  G  with  the  smallest  nmnber  of  vertices.  G  rannot  have  a  skew  partition  by  Theorem  .^.9. 
G  cannot  have  a  homogeiieons  pair  by  Tlnsirem  ."1.4.  Neither  G  nor  G  can  have  a  2-join  by  Corollary 
Since  G  is  a  Bruge  graph,  G  must  be  bfLsic  by  the  Decomposition  TluHnein.  Therefore  G  is  perfert,  a 
contradiction. 

Theorem  4.2  was  already  known  to  hold  in  several  special  cases.  For  cxamiile,  it  was  known  wlien  G 
is  a  Meyniel  graph  (Uurlet  and  Fonlupt  [2]  in  1984),  when  G  is  claw-frtH>  (Chvatal  and  Sbihi  [6]  in  1988 
and  Maiffray  and  R«’d  [26]  in  1999),  diamond-free  (Fonlupt  and  Zeinirline  [19]  in  1987),  bull-free  (Chvatal 
and  Sbihi  [5]  in  1987),  or  dart-free  (Chvatal,  Fonlupt,  Sun  and  Ztmiirline  [1]  in  2000).  .\11  these  results 
involw  spis  ial  tyjM's  of  skew  partitions  (such  as  star  cutsi^ts)  and,  in  some  ciises,  homogeiwous  pairs  [5].  .4 
spt'cial  case  of  2-join  calkHl  augmentation  of  a  flat  e<lge  apjx'ars  in  [26].  In  1999,  Conforti  and  Cornuejols 
[13]  usi'd  more  geiu'ral  2-joins  to  jrrove  ConjcH’ture  1.1  for  \\'P-fr«>  Berge  graj)hs,  a  class  of  graphs  that 
contains  all  bii)artite  graphs  and  all  line  graphs  of  bipartite  graphs.  [13]  was  th(‘  precursor  of  a  se<iuence  of 
deromposition  results  involving  2-join.s.  The  following  result  was  obtalne<l  in  February  2(K)1. 

Theorem  4.3  (Conforti,  Cornm'jols  and  N’uskovic  [1 1])  4  sqiiarr-ftve  Berge  graph  is  bipartite,  the  line 
gniph  of  a  bijmrtitc  graph,  or  has  a  2-jom  or  a  star  eidset. 

.4  breakibrough  oecuiwl  in  Sr'ptemb«>r  2001  when  Chudnovsky,  Robertson.  Seymour  atid  Thoma.s  an¬ 
nounced  that  they  conld  prove  the  De<-om])osition  Conjer  ture  in  the  following  imiKUlant  .special  rase. 

Theorem  4.4  (Chudnovsky,  Robertson,  S(*ymonr  and  Thoma.s  [8])  IfG  is  a  Berge  graph  that  raritairis  the 
line  graph  of  a  hijHir'tite  snMivisiori  of  a  S-conmr.ted  graph,  then  G  has  a  balanr.ed  skew  ]Hiriition,  or  G  or 
G  has  a  2-join  or  is  the  line  graph  of  a  hijMir  tite  graph. 

Given  two  vertex  disjoint  triangles  01,02,113  mul  hi,h2,hn,  a  suMivided  pr-isin  is  a  grajjh  induced  by 
three  chordless  paths,  /’*  =  oi,...,bi,  ami  =  03,..., Ej,  at  least  one  of  which  has 

l(>ngth  greater  than  one,  such  that  P‘,P',  hav«>  no  common  vertices  and  the  only  adjarencies  b<‘twe<‘n 
the  vertices  of  <li.stinct  i)atbs  are  the  edges  of  the  two  triangles.  The  next  result,  obtaimsl  in  .lanuary  2(K)2, 
is  a  n>al  tonr-de-force  ami  a  key  step  in  the  proof  of  the  Strong  Perfect  Gra|)h  Theorem.  In  particular,  it 
was  needed  to  prove  Theorem  3.9. 

Theorem  4.5  (Chmlnovsky  and  Sr’ymour  [10])  If  G  is  a  Berge  rpaph  that  rontarns  a  subdivided  prism, 
then  G  is  the.  line  graph  of  a  bijuirtite  graph  or  G  has  a  haloneed  skew  partition  or  a  hornogenemis  pair-,  or 
G  or  G  has  a  2-join. 

.4  wheel  (JI,v)  consists  of  a  hole  H  together  with  a  vertex  i',  called  the  center,  with  at  k'ast  three 
neighbors  in  11.  If  r  has  k  neighbors  in  11,  the  wheel  is  called  a  k-wheel.  .4  line  wheel  is  a  4-wheel  (11,  v) 
that  contains  exactly  two  triangles  and  these  two  triangles  have  only  the  center  v  in  common.  .4  twin  wheel 


is  a  3-wheel  containing  exactly  two  triangles.  A  universal  wheel  is  a  wheel  where  the  tx‘nter  t'  is 

Hcljacent  to  all  the  vertices  of  H.  A  trianijle.-fnT  wherl  is  a  wheel  containing  no  triangle.  A  pwjwr  wheel  is 
a  wheel  that  is  not  any  of  the  above  four  ty|)eH.  These*  concepts  were  first  introduced  in  [13].  The  following 
tluHiroin,  olu.ained  in  May  ■2(K)2,  generalizes  an  earlier  result  of  Zainla'Ili  prnsente<l  in  September  2(H)1  mid 
of  Thomas  [29]. 

Theorem  4.6  (Conforti,  Comuejols  and  Zainbelli  [16])  If  G  is  a  Berge  graph  that  c-ontains  no  proper 
wheel,  subdmded  prism  or  their  complements,  then  G  is  basic  or  has  a  skew  partition. 

The  last  stej)  in  proving  tlu*  Strong  Perfect  Graph  Thc'orem  is  the  following  difficult  theorem,  also 
obtained  in  May  2002. 

Theorem  4.7  (Chudnovsky  and  Stwmour  [11])  IfG  is  a  Berge  graph  that  contains  a  proper  wheel,  but  no 
subdivided  phstn  or  its  complement,  then  G  has  a  skew  partition,  or  G  or  G  has  a  2-join. 

Theorems  4.5,  4.6  and  4.7  imply  rh('  Decomposition  Theorem  4.2,  and  therefore  the  Strong  Perfect 
Graph  Thi’orem.  .\  monumental  paper  containing  thest*  rtwults  is  now  available  [9]. 

Conforti,  Cornmyols  and  Vuskovic  [15]  provixl  a  weaker  version  of  the  D«‘cotnposition  Conjixture  where 
“skew  partition”  is  leplaced  by  “double  star  cutsi't".  .\  doable  is  a  vertex  set  5  that  contains  two 
adjacent  vertices  «,t’  and  a  .suljset  of  the  vertices  adjacent  to  u  or  v.  Clearly,  if  G  has  a  skew  partition, 
then  G  has  a  double  star  cutset:  Take  S  =  .4U  /?,  u  €  .4  and  v  €  B.  Although  the  decomposition  result  in 
[15]  is  weaker  than  Conjecture  4.1  for  Berge  graphs,  it  holds  for  a  larger  class  of  graphs  than  Bt'rge  graphs: 
By  changing  the  decomposition  from  ^skew  partition”  to  “double  star  cutset",  the  result  can  Im*  obtaineil 
for  all  odd-hol('-free  graphs  instead  of  just  Berge  graphs. 

Theorem  4.8  (Cbnforti,  Comuejols  and  V’usko\ic  [15])  IfG  is  an  odd-hole-free  graph,  then  G  is  a  bipartite 
gmph  or  the  Ime  gtnph  of  a  bitfartite  gmph  or  the  complement  of  the  line  gmph  of  a  bipartite  graph,  or  G 
has  a  doable  star  cutset  or  a  2-join. 

Th(H>rein  4.8  was  u.s<h1  by  Comuejols,  Liu  and  \'uskovic  [18]  to  construct  a  polynomial  time  recognition 
algorithm  for  jxTfect  graphs.  Independititly,  Chudnovsky  and  Seymour  [12]  found  a  different  algorithm  for 
|M*rfe(t  grajih  rwognition  which  dot’s  not  use  decomposition.  Both  algorithms  [12],  [18]  build  on  the  same 
companion  pajx’r  [7]  which  performs  a  certain  “cleaning’'  step  in  jxilynomial  time. 

A  useful  tool  for  studying  Berge  graphs  is  due  to  Roussel  and  Rubio  [28].  riiis  lemma  was  proved 
independently  by  Chudimvsky,  Rolx’rtson,  Seymour  and  Thomas  [8],  who  popularizetl  it  and  nmned  it  The 
Wonderfal  Lemma.  It  is  used  reiwatedly  in  the  proofs  of  Theorems  4.4-4.7. 

Lemma  4.9  (The  Wonderful  Lemma)  (Rous.sel  and  Rubio  [28])  Let  G  be  a  Berge  graph  and  assume 
that  \'(G)  can  be  partitioned  into  a  set  S  and  an  odd  chordless  path  F  =  u,  u',...,v',v  of  length  at  least  3 
such  that  u,  e  are  both  adjacent  to  all  the  vertices  in  S  and  G(S)  is  connected.  Then  one  of  the  following 
holds: 

(i)  An  odd  number  of  edges  of  F  have  both  ends  adjacent  to  all  the  vertices  in  S. 

fa)  F  has  length  3  and  G(SU  {u',  ii'})  rontnfri.s  an  odd  chordless  path  between  «'  and  v'. 

fiii)  F  has  length  at  /east  5  and  there  exist  two  nonadjacent  vertices  x,  x'  in  S  such  that  (V’(7’)\  {u,r})U 
{x,  r'}  induces  a  path. 
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